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Hyperbolic Heat Conduction with Convection Boundary
Conditions and Pulse Heating Effects
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and
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This paper describes the numerical simulation of hyperbolic heat conduction with convection boundary
conditions. The effect of a step heat loading, a sudden pulse heat loading, and a pulse internal heat source are
considered in conjunction with convection boundary conditions. Two methods of solution are presented for
predicting the transient behavior of the propagating thermal disturbances. In the first method, MacCormack's
predictor-corrector method is employed for integrating the hyperbolic system of equations. Next the transfinite
element method, which employs specially tailored elements, is used for accurately representing the transient
response of the propagating thermal wavefronts. The agreement between the results of various numerical test
cases not only validates the representative behavior of the thermal wave fronts but also provides an understand-
ing of the representative behavior due to convection boundary conditions and varied heating effects.

Nomenclature
A = array defined by Eq. (5e)
an = arbitrary constant
Bi = Biot number, -hL/kr
C = dimensionless specific heat, = cp/cpr
Cj = arbitrary constant
cp = constant pressure specific heat
cpr = reference constant pressure specific heat
E = vector defined by Eq. (5b)
e - enthalpy
F = vector defined by Eq. (5c)
G = dimensionless internal heat generation,

= 4gL2/krTr
g = internal heat generation
H = dimensionless enthalpy, H = e/(prCprTr}
h = heat-transfer coefficient
K - dimensionless thermal conductivity, = k/kr
K = thermal conductance matrix in the transform domain
k = thermal conductivity
kr = reference thermal conductivity
L = slab half-thickness
L = differential operator in transform domain
le = element length in transfinite element analysis
TV = element thermal interpolation functions
Q = dimensionless heat flux, = <?/#abs
q - conduction heat flux
R = dimensionless density, = p/pr
R = thermal load vector in the transform domain
S = source term vector defined by Eq. (5d)
s = Laplace transform variable
T = temperature
Tr = reference temperature, =
t = time

W = weighting functions
x = position
ar = reference thermal diffusivity
0 = defined in Eq. (13f)
d(%) = dirac delta function
77 = dimensionless position, = x/2L
6_ = dimensionless temperature, = T/Tr
0 = temperature vector in the transform domain
A = defined in Eq. (13e)
v = Courant number = A£/Ar/
£ = dimensionless time, = art/2L2

p = density
T = dimensionless thermal relaxation time, = arr'/L2

rr = thermal relaxation time
0 = particular solution
^ =. related to initial conditions and load terms
12 = physical domain

Subscripts
abs = absorbed value at surface
/ = spatial node
p = particular solution
r = reference values
oo = ambient conditions
0 = left surface (17 = 0)
1 = right surface (17 = 1)

Superscripts
~ = predicted time level

= transformed domain
' = dummy variable of integration
n = time level in Eq. (6), order of derivative in Eq. (8)
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Introduction

T HE conduction of heat in solids is usually modeled as a
diffusion process in which thermal disturbances propa-

gate with infinite velocities. This classical theory of heat con-
duction is based on the Fourier heat flux equation, which,
being a steady-state equation, does not account for the short
time required for the heat flux distribution to be established
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when a temperature gradient is suddenly introduced in a
solid.1 Although infinite propagation speeds and an instanta-
neous steady-state heat flux are not physically accurate, they
are acceptable for most engineering applications. However, in
some situations, primarily those involving extremely short
times or temperatures near absolute zero, the mode of heat
conduction is not diffusive (parabolic), but propagative (hy-
perbolic). There have been numerous observations of thermal
waves (second sound) in cryogenic fluids.2"4 However, due to
the short times involved, few experimental data have been
presented concerning hyperbolic heat conduction (HHC)
above cryogenic temperatures.5"7 Brorson et al.5 have observed
a heat-transport velocity of approximately 108 cm/s in thin
gold films upon heating with laser pulses. Though the conver-
gence time between the hyperbolic and parabolic solutions is
quite small, the temperature differences between the solutions
may be important when temperatures need to be predicted at
extremely short times after loading. The approximation of
steady-state heat flux and an infinite velocity for the thermal
disturbances may then lead to an inaccurate solution. It is in
these cases that the parabolic heat conduction equation may
be unable to accurately model the heat transfer, and the HHC
equation, which allows for a transient heat flux and thus a
finite speed of propagation, should be used to model the
temperatures in the medium.

The concept of HHC dates back to Maxwell8 and has since
been derived by several different approaches.9"12 Several ana-
lytical and numerical solutions of the HHC equation have
been presented in the literature. Maurer and Thompson13 and
Baumeister and Hamill14 used Laplace transforms to study
non-Fourier heat conduction. Ozisik and Vick15 have used
integral transforms to study the effect of heat pulses. In addi-
tion, Wiggert16 has used the method of characteristics, Glass et
al.17 have used MacComack's finite-difference method, and
Tamma and Railker18'19 have used the transfinite element
method to model/analyze HHC-related problems. Solutions
with different boundary conditions have also been studied.
Wu20 and Glass et al.21 have studied radiation boundary condi-
tions, whereas Glass et al.22 have numerically studied a peri-
odic surface heat flux.

In the present paper the effects of convection boundary
conditions are studied for linear HHC in a slab subjected to a
constant step heat flux, a pulse loading situation, or internal
heat generation. In the numerical simulation of this class of
problems, the major difficulties encountered include spurious
oscillatory solution behavior when sharp fronts are involved
and defining the sharp discontinuities of the propagating wave
front with high resolution. Fundamental results involving con-
vection with various heating effects including the precise de-
termination of the true response of the propagating thermal
behavior for HHC models are not available. Hence, the pre-
sent paper seeks to provide accurate representations of HHC
with convection and various pulse loading situations. In par-
ticular, the methods used in the analysis are 1) MacCormack's
predictor-corrector method (finite-difference approximation)
and 2) hybrid transfinite element formulations that combine
transform methods and classical Galerkin schemes with finite
elements as the principal computational tool. The effects of
convective boundary conditions and various thermal loading
are herein studied. Several numerical cases are presented that
not only provide accurate representations for HHC influenced
by convection boundary conditions but also help to under-
stand the representative behavior and mechanisms due to the
varied heating effects. In addition, the present work may
provide useful information for potential laser applications of
short-duration localized heating.

Formulation
The medium was taken to be a slab of dimensionless thick-

ness YJ = 1, as shown in Fig. 1. The thermal properties within
the medium, as well as the thermal relaxation time, were
assumed to be constant. The HHC equation resulting from the

6 = 0 at £ = 0

Qo=Qat*
- Bioce-e-,0)

Qi = Bii(9-e~,i)

•T!

(x = 0) (x = 2L)

Fig. I Hyperbolic heat conduction through a finite slab.

use of the non-Fourier heat flux equation is given in dimen-
sionless form as

(1)

The relaxation time r determines the importance of the non-
Fourier terms. If the relaxation time is zero, the HHC equa-
tions reduce to the corresponding parabolic model wherein the
energy transport is diffusive. As the relaxation time increases,
the hyperbolic effects significantly dominate, and the speed of
the thermal propagation is reduced. Clearly, when 7 - 0, the
non-Fourier heat flux equation reduces to the classical Fourier
heat flux equation as

KddQ= --T-2 drf (2)

Although the heat flux equations are different for the hyper-
bolic and parabolic formulations, the energy equation is the
same for both formulations and is given in dimensionless form
as

_ _ _ _ =
d£ + RC dri ~ 2RC ~

(3a)

In the finite-difference solution of the hyperbolic problem, the
enthalpy formulation is used, and the energy equation takes
the form

8H dQ G— + — - — = 0
3£ drj 2

where H is defined as

H = R ( e ' ) C ( 0 ' ) d B f

Jo

and G is of magnitude 1/Ar? in the region 0:
£ = 0, and is thus taken as

G = ——, 0 < i < AT?
AT?'

G= 0,

(3b)

(3c)

f < AT? at time

(3d)

(3e)

The dimensionless temperature 6 must be obtained from Eq.
(3c) each time a temperature is desired in the numerical solu-
tion. In the present problem the density and specific heat are
taken to be constant; thus, R(0) = 1 and C(0) = 1. The dimen-
sionless boundary and initial conditions for the preceding
problem are taken to be

Qo = Gabs - BiQ(6 - y = 0, £ > 0 (4a)
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61 =

0 = 0, 0<>7<1, = 0

(4b)

(4c)

In solutions involving internal heat generation, no external
heat flux is absorbed at the surface, i.e., Qabs = 0. However,
convection is assumed present at the boundaries and is related
to the difference in temperatures between the surface and the
ambient. In each of the cases considered, a Biot number of
zero at the right surface implies an adiabatic boundary. Equa-
tions (4a-4c) can be written in terms of H by use of Eq. (3c).
To form a complete mathematical set of equations for the
hyperbolic problem [Eqs. (1) and (3a) or (3b)], additional
boundary conditions and an additional initial condition are
necessary. The boundary conditions used in the numerical
analysis are obtained by requiring that energy conservation be
satisfied at each boundary. Thus, the additional boundary and
initial conditions are given by

dH dQ
——

dH dQ
— + ̂  = 0, ' iy = 1
d£ drj

Q = 0 , 0 < r / < l ,

(4d)

(4e)

(4f)

In the present analysis three different cases are studied. The
first involves a step to a constant applied surface heat flux
<2abs- In this case G is zero. The second case involves a pulse
surface heat flux, where Qabs = 0 for $ > A?, and G is again 0.
The final case involves internal heat generation as defined by
Eqs. (3d) and (3e) in which the surface heat flux gabs = 0.

Methods of Solution
MacCormack's Predictor-Corrector Method

When numerically analyzing the HHC equation via MacCo-
mack's predictor-corrector method, it is convenient to solve
the energy and flux equation as a system of first-order partial
differential equations (PDEs) rather than to combine the two
equations into a single second-order PDE. MacCormack's
predictor-corrector scheme has successfully been used to
model moving discontinuities in both fluid flow and heat
transfer and is chosen for the present analysis. The scheme is
a second-order-accurate, explicit predictor-corrector sequence
for the integration of partial differential equations. To apply
MacCormack's method to the HHC problem, Eqs. (1) and
(3b) are written in vector form as

where

^ =

F =

s = -G/2l
2Q/r\

0
K/r

(5a)

(5b)

(5c)

(5d)

(5e)

Now Eqs. (5a-5e), together with the boundary and initial
conditions, Eqs. (4a-4f), constitute the complete mathemati-
cal formulation of the non-Fourier problem.

Using MacComack's method, the finite-difference form of
Eq. (5a) becomes23

Predictor:

pn + 1 _rLt —

(6a)

Corrector:

~J

-«{^.]K.-«.v]-^-) (fib)

where the subscript i denotes the grid points in the space
domain, and the superscript tilde refers to the predicted value
at time level n + 1. The Courant number v is defined as
v = AJ/Arj. Note that in the preceding formulation forward
differencing is used in the predictor, whereas backward differ-
encing is used in the corrector. The use of first-order forward
and backward differencing in the predictor and corrector re-
sults in a combined second-order-accurate central differenced
scheme. After each predictor or corrector calculation, the
temperature must be obtained from the enthalpy by use of Eq.
(3c).

Transfinite Element Method
In this section we focus on the numerical solution of the

HHC equations via the transfinite element method using spe-
cially tailored elements. A unique feature of the method pre-
sented herein for HHC lies not only in the hybrid nature of the
method but also in the use of specially tailored elements for
accurately predicting the propagating thermal disturbances.
Briefly summarized, a principal advantage in the use of trans-
finite element formulations for HHC models is that the time
parameter can be eliminated, thereby requiring the hybrid
formulation of a steady type of problem. After dividing the
physical domain of interest into elements appropriate^ for a
given problem, the first step involves applying the selected
transform (Laplace transform is employed in this paper) in
time to the governing transient HHC equations. Once the type
of elements and their interpolation functions have been se-
lected, the finite element formulations in the transform do-
main are derived via classical Galerkin procedures. The system
equations are assembled next following the usual procedures
of finite element assembly and then solved in the transform
domain itself. Through an appropriate numerical inversion
technique, the solution response can then be obtained at de-
sired times during the transient. Applicability of specially
tailored hybrid transfinite formulations for problems relevant
to non-Fourier effects has been presented by Tamma and
Railkar.18'19

The selection of the interpolation functions is an important
consideration for accurately predicting the propagation of the
thermal wave front. Although this selection is arbitrary in the
generalized transfinite element method, for the solutions pre-
sented in this paper, specially tailored elements are employed
to yield accurate representations for the propagating thermal
disturbance, as described in the following section.

The HHC models are analyzed by first discretizing the given
domain 12 into finite elements. The discretized finite element
equations are obtained by applying the selected transform
with respect to time to the equations governing HHC with
convection boundary conditions and then employing the clas-
sical Galerkin procedures.

Although, in a manner similar to the previous approach, the
energy and flux equations could be used separately as a system
of two first-order partial differential equations [i.e., Eqs. (1)
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and (3b)], it is convenient via the present approach to combine
the equations represented by Eqs. (1) and (3a). This facilitates
selection of specially tailored elements as described later for
the HHC models evaluated in the paper. As a consequence of
combining Eqs. (1) and (3a), the following representation of
the hyperbolic governing equation in the transformed Laplace
domain is obtained as

L(6) = 0 (7)

In Eq. (7) 0 is the nondimensipnalized form of temperature in
the transform domain, and ^ contains the remaining terms
such as internal heat source, etc., in the transform domain.

Specially Tailored Formulations
In general, polynomials are usually selected as interpolation

functions to approximate the nondimensionalized temperature
distributions within each element. However, for the class of
one-dimensional HHC models evaluated in this paper, spe-
cially tailored elements are employed, since the governing
equations in the transform domain permit such representa-
tions. Consider the transformed governing HHC [Eq. (7)] of
nth order expressed as

dnB a<fl = 0 (8)

The general solution to Eq. (8) can be represented in the
form

(9)

where c/, j = 1, n are arbitrary constants, 9/ are typical func-
tions associated with the homogeneous solution of Eq. (8),
and <j>(r{) is the particular solution. An element with n degrees
of freedom can now be formulated based on the continuity
requirements. And, since the differential equation has n con-
stants of integration, the element interpolation functions are
determined by imposing the conditions

j = (10)

where r/7 are the nodal coordinates, and 0/ are the nodal values
of the nondimensionalized temperatures. Imposing the condi-
tions given by Eq. (10) into Eq. (9) leads to the nondimension-
alized temperature approximation within each element as

£ Nj~6j+Np~ep

specified temperatures, and convection due to ambient condi-
tions.

For the nondimensionalized form of the HHC equation, the
following interpolation functions are proposed, assuming a
two noded element as described by Tamma and Railkar18:

2

0 = £ NjBj + Np6p (13a)

where

i = sinh[X(/e - rj)]/ sinh[X/e]

N2 = sinh[Xr/]/ sinh[X/e]

Np = l-N1-N2

= K/[RC(rs + 2)]

(13b)

(13c)

(13d)

(13e)

(13f)

(11)

It should be noted that the term NPBP is due to the presence
of the nonhomogeneous part of the transformed hyperbolic
differential equation, and Bp is known a priori and is a func-
tion of the initial conditions and the internal source term. The
system of Eq. (12) is now solved in the transform domain, and
through an appropriate numerical inversion technique,24 the
solution response is obtained at desired durations of the tran-
sient thermal response.

Comparative numerical results are discussed in the next
section to validate the applicability of the methods of solution
described in this paper for HHC.

Results and Discussion
In all of the following results, temperature distributions in a

slab of dimensionless thickness 17 = 1 are shown as obtained
using MacCormack's predictor-corrector method (solid lines)
and the hybrid transfinite element method (open circles). The
thermal properties and the thermal relaxation time were as-
sumed constant. Thus, values of the dimensionless parameters
representing the thermal conductivity, density, specific heat,
and relaxation parameter were all taken to be unity. Convec-
tion heat transfer was assumed at the boundaries due to an
ambient temperature of 0oo)0 = #00,1 = 0.5, and the initial tem-
perature of the slab was assumed to be 0. The Biot number at
each boundary was taken to be either 0.0 or 0.5 to study the
effects of convection on the internal temperatures, The mech-
anism of thermal energy input to the slab was either a step
surface heat flux, a pulse heat flux, or internal heat genera-
tion.

where TV/ are specially tailored interpolation functions, and 0,-
are the nodal values of the nondimensionalized tempejature
distributions within each element. The expression NP6P is an
extra term that results due to the presence of the nonhomo-
geneous (or particular) part of the transformed governing
equation. The resulting discretized equations for the n values
of 6 in the domain 0 are obtained typically for each node / by
equating to zero the integral over the domain 0 of the product
of the weighting functions (Wt = TV/) and the residual in the
transform domain. This results in the discretized equations
represented as

KB = (12)

where K has contributions from heat transfer due to conduc-
tion, the transformed form of the terms involving the relax-
ation parameter and capacitance (i.e., the contributions of the
first- and second-order time derivatives), and convection. The
heat load vector R has contributions from internal source
(which also includes the additional relaxation term of the
source arising due to non-Fourier effects), initial conditions,

Transfinite element
(2,5,10 elements)

Analytical, and
Finite difference (501 nodes)

Finite difference (201 nodes)

§=1.0

0 .2 .4 .6
Dimensionless position, T|

Fig. 2 Comparison of internal termperatures from finite-difference
and transfinite element methods with a constant applied heat flux at
17 = 0 for £>0 and an adibatic boundary at 17= 1.
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Case 1: Step Surface Heat Flux
To verify both the accuracy and convergence of the numer-

ical methods, Fig. 2 shows a comparison of the finite-differ-
ence and transfinite element solutions vs the analytical solu-
tion for a HHC problem with a constant applied heat flux of
Qabs = 1 (for £ > 0) at the left boundary with no convection
(Bi0 = 0) and an adiabatic boundary at 77 = 1. The temperature
distributions are shown at dimensionless times of £ = 0.2, 0.6,
and 1.0. The transfinite element solution (for 2, 5, and 10
elements) is shown vs the analytical solution at £ = 0.2; the
finite-difference solution (for both 201 and 501 nodes) is
shown vs the analytical solution at £ = 0.6; and the transfinite
element and finite-difference solutions are all shown vs the
analytical solution at £ = 1.0. The use of shape functions
based on the analytical solution in the transfinite element
method results in an exact solution for linear problems regard-
less of the number of elements used. The finite-difference
solution, however, is a function of the number of nodes. As
can be seen at £ = 0.6 and £ = 1.0, the solutions with 501
nodes are indistinguishable from the analytical solution,
though the solution with 201 nodes is not discontinuous at the
thermal front. In addition, it is observed that the finite-differ-
ence (dashed line) and transfinite element (open circles) solu-
tions are in excellent agreement with the analytical solution
(solid lines), as both numerical solution techniques capture the
thermal fronts with high resolution. The difference between
the transfinite element and the analytical solution at the left

2.0 r-

= 0.5, 6^= 0.0
Transfinite element
Finite difference

.2 .4 .6 .1
Dimensionless position, r|

1.0

Fig. 3 Effect of convection on internal temperatures from finite-dif-
ference and transfinite element methods with a constant applied heat
flux and convection at 17 = 0 for £>0 and an adiabatic boundary at

2.0 r

O Transfinite element
—— Finite difference

.2 .4 .6
Dimensionless position, T|

1.0

Fig. 4 Effect of convection on internal temperatures from finite-dif-
ference and transfinite element methods with a constant applied heat
flux 17 = 0 for £ > 0 and convection at both boundaries.

= 0.0, Bi1=0.0
Transfinite element
Finite difference

Dimensionless position, rj
Fig. 5 Comparison of internal temperatures from finite-difference
and transfinite element methods with pulse heating of duration
A£ = 0.05, followed by an adiabatic boundary at i\ = 0 and an adiabatic
boundary at v j = l .

I

1.0

-75

C
.3

-25

0

BiQ = 0.5, 6^=0.0
O Transfinite element

—— Finite difference

= 0.15

= 0.6

2JJDO™OGEHIlI3EX2ISiiffl
.2 .4 .60 .2 A .6 .8 1.0
Dimensionless position, r)

Fig. 6. Effect of convection on internal temperatures from finite-dif-
ference and transfinite element methods with pulse heating of dura-
tion A£ = 0.05 and convection at if = 0 and an adiabatic boundary at
il=l.

surface at £ = 1.0 is due to the numerical inversion used to
obtain the solution. In order to obtain an accurate, converged
solution, the refined mesh of 501 nodes was used in all of the
finite-difference solutions, whereas two elements used in the
transfinite element solutions.

Figures 3 and 4 present solutions at the same time intervals
with convection boundary conditions. In Fig. 3 convection is
present at the left surface (Bi0 = 0.5), and the right surface is
adiabatic. The temperatures in Fig. 3 are lower than the corre-
sponding curves in Fig. 2 due to the loss of energy from the
left surface due to convection. In Fig. 4 the Biot number at
both boundaries was taken to be 0.5 (i.e., Bi0 = Bi{ = 0.5). An
interesting phenomenon is observed to occur when a wave
front propagates from the right surface (77 = 1) as well as from
the left surface (77 = 0). The wave front propagating from the
right surface results from the convective heating of that sur-
face. The wave front is of smaller magnitude (due to less
applied thermal energy) but propagates at the same velocity
(due to assumption of constant properties) as that originating
from the left surface. At the center of the slab, the two
thermal fronts meet and a summation effect is observed,
which is a known property of linear hyperbolic systems of
equations. This is noticed in the £ = 0.6 solution, where the
thermal front originating at 77 = 0 is observed to be added to
the thermal front originating at 77 = 1. The region of summa-
tion is 0.4 < 77 < 0.6, since both fronts have propagated into
the medium a distance of rj = 0.6. As stated by Taitel,11 this
summation effect may give unrealistically high temperatures
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1.0

I
•53

3

.75

.5

Bi0 = 0.0, Bij=0.5
O Transfinite element

—— Finite difference

= 0.6

= 0.15

= 0.15

1.0
Dimensionless position, TJ

Fig. 7 Effect of convection on internal termperatures from finite-
difference and transfinite element methods with pulse heating of
duration A£ = 0.05 followed by an adiabatic boundary at ij = 0 and
convection at iy = l.

1

1.0

.75

.5

BiQ = 0.5, Bi1=0.5
O Transfinite element

—— Finite difference

£ = 0.15
£ = 0.6

= 0.15

0 .2 .4 .6 .8 1.0
Dimensionless position, T|

Fig. 8 Effect of convection on interal temepratures from finite-dif-
ference and transfinite element methods with pulse heating of dura-
tion A£ = 0.05 and convection at both boundaries.

when the interior temperatures are greater than the surface
temperatures (due to the summation of the two thermal
fronts). Thus, unrealistic aspects may be present in both the
hyperbolic (excessively high temperatures due to summation)
and parabolic (infinite propagation speed) models. However,
this does not diminish the importance of the HHC equation
for certain short time situations.

Case 2: Pulse Heat Flux
Figures 5-8 present solutions in which the slab is heated by

a unit pulse heat flux of duration A£ = 0.05 at the left
boundary. The temperature distributions are shown at dimen-
sionless times £ = 0.15 and 0.6. In each of Figs. 5-8 it is again
observed that the finite-difference method and the transfinite
element method are in excellent agreement. The slight differ-
ences occur because the transfinite element method does not
exhibit the numerical oscillations that the finite-difference
solution exhibits. The reason is that the transfinite element
uses specially tailored elements. Temperatures within the slab
for the case of no surface convection (BiQ = 0 and Bii = 0) are
shown in Fig. 5. It is noticed that the pulse propagates through
the slab, maintaining its original pulse width, while shrinking
in magnitude as it leaves energy in its wake. In Fig. 6 the
magnitude of the pulse is less than in Fig. 5 due to the convec-
tive cooling at the left surface (Bi0 = 0.5). During the heating
period, 0<£ < 0.05, the ambient conditions result in a cooling
of the surface, whereas for £>0.05, the ambient temperature

results in convective heating of the surface. Convective heat-
ing at only the right surface (Bii = 0.5) results in a continuous
thermal front propagating from the right surface at the same
speed as the pulse, but in the opposite direction, as shown by
the arrow in Fig. 7. When the two fronts meet in the center of
the slab, a summation of the temperatures is observed, as is
the nature of phenomenon governed by hyperbolic equations.
In Fig. 8, convection is present at both surfaces (BiQ = 0.5 and
Bii = 0.5), resulting in continuous heating both behind the
pulse and at the right surface.

Case 3: Internal Heat Generation
The temperature distribution in a slab with internal genera-

tion (and Qabs = 0) is shown in Figs. 9-11 at time £ = 0.3. The
heat generation is of magnitude 1/Arj in the region 0 < 17 < Ar;
at time £ = 0, where Ay = 0.02. This results in a pulse propa-
gating through the medium, similar to the pulse generated by
a surface heat pulse. The location of the thermal front is at
position )7 = 0.32, rather than 17 = 0.3, since the pulse was
initially in the region 0 < 77 < 0.02. It should be noted that in
each of Figs. 9-11 the temperature scale extends below zero to
show the spurious numerical spike in the finite-difference
solution. In Fig. 9 convection is assumed at the left surface
(Bi0 = 0.5 and Bii = 0), wherease in Fig. 10 convection is as-
sumed at the right surface (BiQ = 0 and Bii = 0.5), and in Fig.
11 convection is assumed at both surfaces (Bi0 = 0.5 and
Bii = 0.5). Again, the agreement between the finite-difference
and transfinite element solutions is quite good, though a nu-
merical spike is observed in the finite-difference solution. It

10

a o
-2

GET

BiQ = 0.5, 6^=0.0
O Transfinite element

—— Finite difference

0 1.0.2 .4 .6 .8
Dimensionless position, i]

Fig. 9 Effect of convection on internal temperatures from finite-dif-
ference and transfinite element methods with a pulse internal genera-
tion and convection at i/ = 0 and an adiabatic boundary at 17 = 1.

10 r-
0>

B 8
1
OH 6

c« A<x> 4

1
1 2
0

S o

-2

_

-
("

-

-
j

D GD

BiQ = 0.0, Bij =0.5
O Transfinite element

—— Finite difference

>
— £ = 0.3

gjO—0 — 0—0-0—0 — C

i i i i i
.2 .4 .6 .*
Dimensionless position, t|

1.0

Fig. 10 Effect of convection on internal temperatures from finite-
difference and transfinite element methods with a pulse internal gener-
ation and an adiabatic boundary at 17 = 0 and convection at iy = l.
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10

B 8

o

-2

BiQ = 0.5, Bi^O.5
O Transfinite element

—— Finite difference

— £ = 0.3

0 1.0.2 .4 ,6 .8
Dimensionless position, rj

Fig. 11 Effect of convection on internal temperatures from finite-
difference and transf inite element methods with a pulse internal gener-
ation and convection at both boundaries.

should be noted that any slight differences between the two
methods at the left boundary is believed to be due to the
differences in the time integration procedure of MacCor-
mack's predictor-corrector method and the numerical inver-
sion employed in the transfinite element formulations. In Fig.
9 convective heating at the left surface results in slightly higher
temperatures behind the pulse than those observed in Fig. 10
(no convective heating at the left surface). Likewise, convec-
tive heating at the right surface in Fig. 10 results in slightly
larger temperatures near the right surface than are observed in
Fig. 9 (no convective heating at the right surface). In Figs. 9
and 11, where convection is present at the left surface, it is
noticed that the trailing edge of the pulse is not vertical, in
contrast to the square-wave-type pulse in Fig. 10 (no connec-
tion at the left surface). This wedge-shaped pulse (where the
leading edge of the pulse remains vertical, but the trailing edge
is sloped) is a result of convection at the surface where the
pulse originated. As seen in Fig. 10, and as analytically pre-
dicted by Ref. 15, an internally generated pulse next to an
adiabatic boundary maintains its square-wave nature as it
propagates into the medium.

Concluding Remarks
This paper describes two methods of approach for analyz-

ing HHC problems influenced by convection boundary condi-
tions with various mechanisms of thermal energy input, i.e.,
step surface heat flux, pulse surface heat flux, and internal
generation. The agreement of the finite-difference method and
the transfinite element method validates the actual representa-
tion of the HHC problems with convection boundary condi-
tions. It has been observed that convective heating alone re-
sults in a thermal front propagating through the medium. In
addition, some interesting observations are noticed. For exam-
ple, if an internal heat source pulse is introduced (as a square
wave) without any convection effects, the propagating distur-
bance maintains the square-wave nature. However, if the
pulse internal source is generated next to a convecting surface,
the pulse shape is disturbed. That is, the propagating leading
front is still vertical, whereas the trailing edge is slanted,
resulting in an almost right triangular propagating pulse. No
effect is observed on the pulse shape if convection is present at
the right boundary since the convective heat flow must propa-
gate through the slab before it effects the propagating thermal
pulse.
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